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ABSTRACT 
m 
The method of d i s c r e t e  o r d i n a t e s  i s  extended t o  d e s c r i b e  t h e  
s teady s t a t e  i n t e n s i t y  d i s t r i b u t i o n  of themal  r a d i a t i o n  and the  
co r re spond ing  depth-dependent thermal s t r u c t u r e  of a plane-  
pays-llel semi- inf  i n i t e  p a r t i c u l a t e  medium i n  r a d i a t i v e  .- e q u i l i b r i u m  
i n  t h e  p re sence  of an o u t s i d e  p o i n t  sou rce  of v i s i b l e  r a d i a t i o n .  
The greenhouse factor [ B ( r ) / f ( O >  ] is found t o  approach a 
f i n i t e  l i m i t  as T-00, Numerical c a l c u l a t i o n s  show t h a t  t he  
d i f f u s e  f i e l d  of v i s i b l e  r a d i a t i o n  generated by m u l t i p l e  scatter-  
i n g  processes is extremely e f f e c t i v e  i n  hea t ing  t h e  lower regions 
-- .__- 
of a p a r t i c u l a t e  atmosphere. For s l i g h t l y  more r e a l i s t i c  s i n g l e  
s c a t t e r i n g  parameters t h a n  those cons ide red  i n  t h i s  s t u d y ,  it 
would appear tha t  the  large d i f f e r e n c e s  i n  tempera ture  between 
t h e  s u r f a c e  and t h e  e f f e c t i v e  l e v e l  of i n f r a red  r a d i a t i o n  of Venus, 
as i n f e r r e d  from t h e  infrared and microwave o b s e r v a t i o n s ,  can be 
most ly  accounted for: 
heat s o u r c e s  are r e q u i r e d  t o  make khe h e a t i n g  mechanism work 
e f f e c t i v e l y ,  
' I  
Nei ther  high s u r f a c e  p r e s s u r e s  nor i n t e r n a l  
i 
I .  INTRODUCTION 
I t  has  been demonst ra ted  (King ,  1963) t h a t  under  certain 
c o n d i t i o n s  the  t empera tu re  of a p l a n e t a r y  atmosphere i n  r a d i a t i v e  
. e q u i l i b r i u m  i n c r e a s e s  w i t h  o p t i c a l  d e p t h ,  even though t h e  sole 
s o u r c e  of h e a t i n g  decreases e x p o n e n t i a l l y  w i t h  op t ica l  depth. The 
major r equ i r emen t  for  a s t rong greenhouse e f f e c t  a p p e a r s  t o  be 
t h a t  t h e  r a t io  of t h e  i n f r a r e d  t o  v i s i b l e  a b s o r p t i o n  c o e f f i c i e n t s  
be f a i r l y  large a t  most i n f r a r e d  wavelengths .  
wide i n f r a r e d  windows are t h e  r u l e  f o r  atmospheres c o n t a i n i n g  
F requen t  and f a i r l y  
r e a l i s t i c  amounts of op t i ca l ly  a c t i v e  gases. I n  g e n e r a l  such  
windows do n o t  e x i s t ,  however, for atmospheres composed of pa r t i -  
c les  of a f e w  microns  i n  diameter. Excep t ions  t o  t h i s  r u l e  are 
l i k e l y  t o  o c c u r  i n  rather narrow spectral  i n t e r v a l s  just t o  the  
shorter  wavelength side of regions of anomolous d i s p e r s i o n ,  where 
he r ea l  par t  of t h e  r e f r a c t i v e  index of t h e  r e l e v a n t  s u b s t a n c e  
is  close t o  u n i t y .  For this and several  other r e a s o n s  t o  be dis- 
c u s s e d  i t  would seem germane t o  i n v e s t i g a t e  t h e  role  t h a t  par t i -  
c u l a t e  matter p lays  i n  g i v i n g  r i se  t o  s t rong  greenhouse effects .  
I n  order t o  do t h i s  i n  any p rope r  s e n s e  i t  is mandatory t o  i n c l u d e  r’ a n i s o t r o p i c  s c a t t e r i n g  effects  i n  s o l v i n g  t h e  a p p r o p r i a t e  e q u a t i o n  
of radiat ive t r a n s f e r .  
1 
L 
11. SOLAR KEATING 
. 
C o n s i d e r f i r s t  t h e  d i f f u s e  f i e l d  of v i s i b l e  r a d i a t i o n  
a r i s i n g  from s u n l i g h t  m u l t i p l y  scattered i n  a p a r t i c u l a t e  atmos- 
phe re .  Approximating t h e  sun  as a p o i n t  source, t h e  equat ion 
of t r a n s f e r  becomes (Chandrasekhar,  1960; h e n c e f o r t h  r e f e r r e d  t o  
as R. T.) 
c. 
ii 
where t h e  symbols have t h e  same meaning as i n  R.T.. I n  p a r t i c u l a r ,  
nFo is  t h e  f l u x  of d i r ec t  v i s i b l e  r a d i a t i o n  from t h e  sun  which 
crosses a u n i t  area normal t o  t h e  beam. 
I t  w i l l  be assumed throughout  t h i s  s t u d y  t h a t  t h e  atmosphere 
i n  q u e s t i o n  is grey  w i t h  r e s p e c t  t o  bo th  v i s i b l e  ‘and i n f r a r e d  
r a d i a t i o n ,  a l t h o u g h  t h e  t w o  wavelength r e g i o n s  w i l l  be c o n s i d e r e d  
as hav ing  t w o  d i f f e r e n t  g reyness  pa rame te r s .  By t h i s  i s  meant 
t h a t  t h e  s c a t t e r i n g  and a b s o r p t i o n  p r o p e r t i e s  of t h e  atmosphere are 
the  same throughout  each  of t h e  two s p e c t r a l  r e g i o n s ,  b u t  t h a t  t h e  
atmospheric p r o p e r t i e s  become d i f f e r e n t  i n  going  from one t o  t h e  
o t h e r .  Thus (1) is  independent  of wavelength.  
- 
A s  is  customary,  pe assume.the i n t e n s i t y  i n  (1) t o  be of 
t h e  form 
2 
L 
. 
and t h e  phase f u n c t i o n  for s i n g l e  sca t te r ing  r e p r e s e n t a b l e  by 
t h e  f i n i t e  ser ies  expans ion  of Legendre polynomials :  
where 0 is t h e  a n g l e  through which r a d i a t i o n  is  s i n g l y  
scattered.  As is  demonst ra ted  i n  R.T., e q u a t i o n  (1) separates 
i n t o  (N + 1) l i n e a r l y  independent  equa t ions .  I n  p a r t i c u l a r ,  
t h e  azimuth-independent term i n  - (2) obeys t h e  e q u a t i o n  
The s o l u t i o n  t o  (4) by the  method of discrete  o r d i n a t e s  
3 
.4 
where the c o s i n e  of the  z e n i t h  angle  I.I is  eva luated  a t  the  2n 
d i s c r e t e  in terva l s  +I.I ( i  = 1, ..., n ) .  A s  i n  R . T . ,  the  Symbols 
- i  I 
I 
where 
a', and f" are d e f i n e d  by the  express ions :  
and 
where 
and where the  a i ' s  are the usua l  Gaussian we ights  determined i n  
accordance w i t h  the  re lat ion 
4 
c 
An a l t e r n a t i v e  expres s ion  f o r  fa is  given by t h e  r e c u r s i o n  
r e l a t i o n  
In both ( 8 )  and (11) 
1. 
(11) 
I 
The n c o n s t a n t s  of i n t e g r a t i o n  L, 
imposing t h e  n boundary c o n d i t i o n s  
i n  (5) may be e v a l u a t e d  by 
We s h a l l  be interested so le ly  i n  t h e  atmospheric h e a t i n g  
caused  by t h e  i n c i d e n t  solar r a d i a t i o n .  For t h i s  purpose an 
e x p r e s s i o n  i s  r e q u i r e d  fo r  t h e  f l u x  d ivergence  of t h e  t o t a l  
v i s i b l e  r a d i a t i o n  f i e l d .  
terms i n  (2) c o n t r i b u t e  no th ing ,  and we s h a l l  n e g l e c t  them. 
In  t h i s  c o n t e x t  t he  azimuth-depehdent 
The e x p r e s s i o n  for t he  n e t  f l u x  f l F ( 9  of t h e  d i f f u s e  
r a d i a t i o n  f i e l d ,  w i t h  t h e  a id  of (9) and t h e  d e f i n i t i o n  
5 
. 
becomes 
By v i r t u e  of ( 8 )  and t h e  r e l a t i o n *  (R.T., page 154) 
e q u a t i o n  (15) becomes 
or, from (11) , (12) , and (14):  
where , t h e  albedo for s i n g l e  s c a t t e r i n g  i n  t h e  v i s i b l e ,  i s  
s u p e r s c r i p t e d  w i t h  a "V" t o  d i f 9 e r e n t i a t e  i t  from t h e  albedo 
for s i n g l e  s c a t t e r i n g  i n  the  i n f r a r e d .  
mhe term 
for F T  (Z) .
of t h e  repor t ,  which depend upon the  d e r i v a t i o n ,  are conse- 
q u e n t l y  i n c o r r e c t .  
&%) i n  (16) was omitted i n  a p r e v i o u s  r e p o r t  
(Samuelson, 1965) , and i n v a l i d a t e s  t h e  subsequent  d e r i v a t i o n  
Equat ions  C10, through C2p and also e q u a t i o n  96 
6 
. 
The n e t  f l u x  fl&@ of t h e  a t t e n u a t e d  d i rec t  r a d i a t i o n  
' f r o m  t h e  sun i n  the  d i r e c t i o n  -p6 and a t  a l e v e l  Z is c l e a r l y  
c given  by 
The n e t  f l u x  
be t h e  sum of fit$') and Tg&) Hence, from (18) and (19), 
nf(e of . the t o t a l  v i s i b l e  radiat ion f i e l d  must 
where rv is  t h e  o p t i c a l  depth i n  t h e  v i s i b l e .  D i f f e r e n t i a t i n g  
( 2 0 )  w i t h  respect t o  Zv w e  o b t a i n  fo r  t h e  f l u x  d ive rgence  (apart 
from t h e  f a c t o r  TT):  
7 
111. RADIATIVE EQUILIBRIUM : 
THE TEMPERATURE PROFILE 
., I We now assume (King, 1963) t h a t  t h e  f l u x  divergence i n  t h e  
i v i s i b l e  must e q u a l  t h e  f l u x  d ivergence  i n  t h e  in f ra red ;  i.e., i n  
' a  steady s ta te  there are no s o u r c e s  o r  s i n k s  of r a d i a t i o n  
i n t e r n a l  t o  t h e  atmosphere. T h i s  is what s h a l l  be meant by an 
atmosphere in r a d i a t i v e  e q u i l i b r i u m .  F a r  a q u a n t i t a t i v e  com- 
p a r i s o n  w e  s h a l l  need an e x p r e s s i o n  ana logous  t o  (21) f o r  t h e  
i n f r a r e d .  
The a p p r o p r i a t e  e q u a t i o n  of t r a n s f e r  fo r  a p a r t i a l l y  t h e r m a l l y  
e m i t t i n g ,  p a r t i a l l y  a n i s o t r o p i c a l l y  s c a t t e r i n g  s e m i - i n f i n i t e  
atmosphere is ( S m u e l s o n ,  1965; hence fo r th  referred to  as R-215) 
where 8 ( r )  is t h e  P lanck  f u n c t i o n  i n  u n i t s  of spec i f ic  i n t e n s i t y  
and i n t e g r a t e d  over a l l  ( i n f r a r e d )  wavelengths ,  and 
A l l  parameters i n  (22) refer now t o  t h e  i n f r a r e d ,  and are n o t  t o  
be confused  w i t h  p r e v i o u s  parameters r e f e r r i n g  o n l y  to  t h e  v i s i b l e .  . 
8 
In  p a r t i c u l a r  i s  the  a lbedo f o r  s i n g l e  s c a t t e r i n g  i n  t h e  
i n f r a r e d  . 
We may obta in  an express ion  for 8 ( r )  by m u l t i p l y i n g  through 
both  s i d e s  of (22) by du and i n t e g r a t i n g  over the  interval 
(-1 s p + 1) .  With the  a i d  of (231, the  i d e n t i t y  
and the  d e f i n i t i o n  for t h e  f l u x  integral,  
.I 
--I 
a s tra ight forward  e v a l u a t i o n  y i e l d s  
and (22) becomes 
where 
Go = . /  . I 
9 
. 
, 
T h i s  is t o  be compared w i t h  equa t ion  (3) i n  King ' s  (1963) paper .  
We now r e q u i r e  i n  accordance w i t h  King t h a t  
. 
where j! is t h e  ver t ical  distance measured from some r e f e r e n c e  
he igh t  (e.g. So) t o  the  he igh t  of i n t e r e s t .  
By d e f i n i t i o n  
and 
where 
2 and %: and are t h e  e f f e c t i v e  e x t i n c t i o n  ( abso r  t i o n  
p l u s  s c a t t e r i n g )  c r o s s - s e c t i o n s  p e r  par t ic le  i n  the  v i s i b l e  and 
No&) is t h e  number of particles p e r  u n i t  volume a t  a l e v e l  
lip 
i n f r a r e d  r e s p e c t i v e l y .  We s h a l l  assume t h a t  t he  par t ic les  are 
v spherical and homogeneous, and t h a t  t h e  d e f i n i t i o n s  of X E  and 
XZR i n  terms of t h e  Mie parameters a s ;  g iven  i n  R-215, 
s e c t i o n  3, are va l id .  
L e t  
(32) 
(33) 
Then, from (30) and (311, 
10 
. 
or ,  i f  B is  assumed t o  be independent of z: 
(34) 
This  l a t t e r  assumption is of d o u b t f u l  v a l i d i t y  for  r ea l i s t i c  
atmospheres. 
By v i r t u e  of (21) and (29) - (34) ,  equa t ion  (27) becomes 
where 1 2  ItR . Since  = 1 the  homogeneous p a r t  of (35) i s  
fo rma l ly  e q u i v a l e n t  t o  conse rva t ive  s c a t t e r i n g .  Denoting the  
s o l u t i o n  t o  t h e  homogeneous part  by t h e  s u b s c r i p t  G, we have, by 
t h e  method of discrete o r d i n a t e s  i n  t he  nth approximation* 
*There i s  no n e c e s s i t y  for  s o l v i n g  bo th  (4) and (35) i n  t h e  same 
degree of approximation.  
of s i m p l i c i t y  . It i s  done here merely f o r  t h e  sake 
11 
where kp ( p  = 1, ..., n-1) are t h e  n-1 p o s i t i v e  nonzero  roots  
of t h e  characterist ic e q u a t i o n  [cf . (8)-(12) ] 
(37) 
That  K=O is  a l so  a root s a t i s f y i n g  (37) is a characterist ic common 
t o  a l l  problems f o r m a l l y  e q u i v a l e n t  t o  c o n s e r v a t i v e  s c a t t e r i n g .  
I t  is  clear t h a t  t h e  (n+l> c o n s t a n t s  9 ( p  = 1, ..., n-11, 
Mo, and Mn canno t  a l l  be determined from c o n d i t i o n s  (13). 
f i n d  p r e s e n t l y  i n  o b t a i n i n g  t h e  complete s o l u t i o n  t o  (35) t h a t  an 
appeal t o  t h e  f l u x  i n t e g r a l  r e s o l v e s  t he  d i f f i c u l t y .  
We s h a l l  
Cons ide r  t h e  e q u a t i o n  [cf. eq. (35)] 
where cp and 3 are c o n s t a n t s .  Assume a s o l u t i o n  f o r  a p a r t i c u l a r  ' 
i n t e g r a l  of (38) of t h e  form 
where 9b)i.s a f u n c t i o n  of? y e t  t o  be determined.  
of t h e  n t h  approximat ion ,  upon r e p l a c i n g  
I n  t h e  scheme 
by ,Ui (i = - +1, . . . , zn) . 
12 
' I  
N r 
.I 
Theref ore $pi) i s  of the  form 
where the  cons tants  E&) are g iven by 
S u b s t i t u t i n g  i n  (40) according to (41)  w e  ohta in  
S ince  (43) is v a l i d  for a l l  r; we obta in ,  a f t e r  some reduct ion ,  
, 
1 3  
where 
Equat ion  (44) y i e l d s  an NxN system of e q u a t i o n s  which may t h e n  
be s o l v e d  f o r  the  N v a l u e s  of E' f o r  t he  argument 3 .  
We may a lso o b t a i n  from (45)  a r e c u r s i o n  r e l a t i o n  s a t i s f y i n g  
t h e  D's: 
where sp,x is the  Kronecker b- func t ion .  Along l i n e s  analogous 
t o  R.T., pages 154-155, w e  may use (44) and (46) t o  o b t a i n  t he  
r e c u r s i o n  re la t ion  s a t i s f i e d  by t h e  E ' s :  
I n  p a r t i c u l a r  ( Es, = / 1: 
a r e l a t i o n  w e  w i l l  f i n d  u s e f u l  i n  r e s o l v i n g  t h e  v a l u e  of Ido i n  (36). 
I t  is  clear t h a t  (47) prov ides  an  a l t e r n a t i v e  method of 
e v a l u a t i n g  a l l  ( A  = 0 ,  ..., N) once t h e  v a l u e  of Go is known. 
I 
14 
We t r y  a r e l a t i o n  of t h e  form 
(4 9) 
where $6) is  u n s p e c i f i e d  for t h e  moment. S u b s t i t u t i n g  (49) i n t o  
(44) w e  o b t a i n  
hence ,  upon s e t t i n g  1 = 0 : 
A/ 
Again,  s u b s t i t u t i n g  (49) i n t o  (47) w e  obtaiq. ,  w i t h  t h e  a i d  of (ll), 
t h e  r e l a t i o n  
where, a c c o r d i n g  t o  (12) and (49):  
making (52)  d e t e r m i n a t e  for a l l  k . 
a t  l eas t  p a r t  of (51) i n  terms of Chandrasekhar ' s  H-funct ions;  
however, i n  t h e  i n t e r e s t  o f  conse rv ing  s p a c e ,  w e  s h a l l  n o t  pu r sue  
It  appears p o s s i b l e  to  e x p r e s s  
t he  matter here. 
15 
By virtue of (41) the  p a r t i c u l a r  i n t e g r a l  (39) becomes 
By analogy with (38) and (541,  the s o l u t i o n  to  (35) i s  [cf. also 
(36) 1 
The va lue  of Mo i n  (36) may be r e s o l v e d  i n  the  fol lowing 
way. S u b s t i t u t i n g  (55) i n t o  t he  f l u x  integral 
A 
w e  o b t a i n  with t h e  a i d  of (45) s u c c e s s i v e l y  the  relations 
. 
16 
I 
I ,  or, by virtue of ( 8 )  and (44): 
e 
\ 
(57)  I 
In a steady- state 
hence Mo is zero for flf 0 ,  and q u i t e  genera l ly  (60) ' becomes 
18 
I 
. 
Re-writing (55) and (59) we  have 
and 
from which i t  follows t h a t  [cf. also (21) and (29) - (34) ]  
In a fash ion  complete ly  analogous to the  d e r i v a t i o n  of 
e t  seq .  w e  may obta in  the  r e l a t i o n s  
+I 
I 
(57)  
Hence, from (65) and (66), expres s ion  (26) for  t h e  i n t e g r a t e d  
Planck f u n c t i o n  becomes 
r 
The desired d i s t r i b u t i o n  of tempera ture  w i t h  optical  depth is 
given  through the  re la t ion 
where 6 = 5.672 x watts/cm2/deg4. 
I t  shou ld  be noted  i n  (67) t h a t  B&) approaches a f i n i t e  
l i m i t  as ‘t+oo. Hence, analogous t o  e q u a t i o n  (25) of King’s 
(1963) paper, w e  may d e f i n e  a greenhouse factor from (64) and 
(67) by t h e  r e l a t i o n  
The remainder  of t h i s  s tudy  w i l l  be devoted  to  t h e  numerical . 
e v a l u a t i o n  of some of t h e  more r e l e v a n t  e q u a t i o n s  d e r i v e d  above 
fo r  c e r t a i n  p h y s i c a l l y  i n t e r e s t i n g  s i t u a t i o n s .  
be d i s c u s s e d  i n  the c o n t e x t  of the atmosphere of Venus. 
* 
The r e s u l t s  w i l l  
IV . SINGLE SCATTERING 
The atmosphere of Venus appears t o  s u p p o r t  a cove r  of c louds  
m 
s u f f i c i e n t l y  t h i c k  t o  obscure  completely any  trace of s u r f a c e  
f e a t u r e s .  I n  a d d i t i o n  t h i s  atmosphere may poss ib ly  s u p p o r t  a 
large greenhouse e f fec t  (Sagan, 19$2) . It is of considerable 
pract ical  importance,  t h e n ,  t o  i n v e s t i g a t e  t h e  role tha t  c l o u d s  
may p lay  i n  t h e  p roduc t ion  of a greenhouse e f fec t  i n  t h e  atmos- 
phere of Venus. For t h e  purpose of a p r e l i m i n a r y  reconnaissance 
of t h i s  general problem it  would seem t h a t  a knowledge of t he  . 
v e r t i c a l  t empera ture  p r o f i l e s  and l a w s  of darkening  for a l i m i t e d  
number of p h y s i c a l l y  r ea l i s t i c  model c loudy atmospheres,  computed 
i n  accordance w i t h  t h e  theo ry  o u t l i n e d  above, would be of con- 
siderable i n t e r e s t .  Before proceeding  w i t h  such  computat ions,  
however, i t  is  necessa ry  t o  adopt s i n g l e  s c a t t e r i n g  parameters 
appropriate t o  t h e  atmosphere of Venus. 
According t o  Sobolev (1963) t h e  albedo f o r  s i n g l e  s c a t t e r i n g  
I 
i n  t h e  v i s i b l e  i s  ve ry  h igh  ( R : s . 9 8 9 ) .  Although t h e  h i g h  
accuracy  of t h e  o b s e r v a t i o n a l  data from which Sobolev derived h i s  
v a l u e  of Dl has  been o n l y  imperfect ly  demonstrated,  i t  is  f e l t  
t h a t  t h e  s u p e r i o r  q u a l i t y  of h is -work  l e n d s  c o n s i d e r a b l e  weight  t o  
the  essent ia l  c o r r e c t n e s s  of t h e  magnitude of t h i s  v a l u e .  
purpose of c o n s t r u c t i n g  a p r e l i m i n a r y  s e t  of models t h e  v a l u e  
' 
For t h e  ' 
= .99 has  been adopted i n  t h i s  s tudy .  
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I n  a d d i t i o n  t o  t h e  v a l u e  of 0: , i t  is, necessary  t o  assume 
v a l u e s  of s e v e r a l  other parameters r e l e v a n t  f o r  s i n g l e  s a t t e r i n g  
i n  both t h e  v i s i b l e  and t h e  i n f r a r e d .  
that t h e  par t ic les  of i n t e r e s t  are spherical and homogeneous. 
For  one such pa r t i c l e  t h e  s i z e  parameter  & is  given by 
F 
To t h i s  end w e  s h a l l  assume 
Inr, 
h o(= 
where r is t h e  par t ic le  r a d i u s  and1 
radiation of in te res t .  We s h a l l  adopt "ef9ec t ive t '  wavelengths  of 
A, = 5625 h.up=p i n  t h e  v i s i b l e  and i n f r a r e d  r e s p e c t i v e l y ,  
y i e l d i n g  an e f f e c t i v e  size parameter ra t io  f o r  a s i n g l e  par t ic le  of 
h is the  wavelength of 
and 
dydzR = / 6  (71) 
For t h e  purpose of computa t iona l  ease and uniqueness  of 
s o l u t i o n  i t  was decided t o  c o n s i d e r  on ly  squa re  par t ic le  s i ze  
d i s t r i b u t i o n s ,  i .e .  d i s t r i b u t i o n s  of par t ic le  s izes  tha t  are 
f l a t  o v e r  t h e  ranges  of i n t e r e s t .  Under the  assumption of homo- 
ger,oous spherical  par t ic les ,  the  ?die theo ry  w a s  used t o  compute, 
for a v a r i e t y  of pa r t i c l e  size d i s t r i b u t i o n s  and complex i n d i c e s  of 
r e f r a c t i o n ,  t h e  fo l lowing  i n f r a r e d  s i n g l e  sca t te r ing  parameters: 
(1) a: , t h e  albedo for s i n g l e  s c a t t e r i n g ,  (2) GR , t h e  
e f f e c t i v e  e x t i n c t i o n  c ros s - sec t ion  per  pa r t i c l e ,  and (3) p(a @) 
t he  phase f u n c t i o n  ' fo r  s i n g l e  s c a t t e r i n g .  E igh teen  v a l u e s  of t h e  
, 
22 
complex index  of r e f r a c t i o n  were used ,  cove r ing  t h e  range 
(1.1 - 0.01i Yi l o 6  - 0.50i). I n  p r a c t i c e  t h e  par t ic le  
s ize  d i s t r i b a t i a n s  cons ide red  were r e p l a c e d ,  by s ize  parameter 
h 
. 
d i s t r i b u t i o n s  o v e r  the range  (0 1 o( S de). S i x t e e n  v a l u e s  of 
a, were considered f o r  each va lue  of . 
The computed r e s u l t s  i n d i c a t e d  t h a t  p(c6pI@) is  v e r y  
dependent  upon a, , b u t  is  almost independent  of . Hence, 
one mean phase f u n c t i o n  f o r  each v a l u e  of a. w a s  cons idered  
S u f f k P e n t  to r e p r e s e n t  t h e  angular  d i s t r i b u t i o n  of singly 
scattered i n f r a r e d  r a d i a t i o n  for a wide v a r i e t y  s f  p o s s i b l e  sub- 
stances, w h i l e  three  v a l u e s  of were chosen as beirdg regre- 
s e n t a t i v e  of a reasonable range  of p h y s i c a l l y  i n t e r e s t i n g  con- 
d i t i o n s .  TZrese la t te r  v a l u e s ,  a long  w i t h  the  co r re spond ing  values 
of [cf. eq. (3211, , 230" , and Sby are inc luded  i n  Table 1.. 
The v i s i b l e  r a d i a t i o n  s i n g l e  s c a t t e r i n g  parameters  r e q u i r e d  to 
complete the table were c a l c u l a t e d  f o r  an assumed index  of 
r e f r a c t i o n  of 5 = 1.33; the imaginary pa r t  of "h w a s  i gnosad ,  a,n 
approx.iimation t h a t  s h s u l d  be accep tab le  i n  view of t h e  h i g h  v a l u e  
of . Values of < / would t e n d  t o  be p h y s f c a l l y  
u n i n t e r e s t i n g ,  beeause f i  would be q u i t e  l a r g e  and t h e  co r re spond ing  
greenhouse e f fec t  qaite s m a l l .  On t h e  o ther  hand, v a l u e s  of 
do 
' I  
> y would n o t  show much d i v e r s i t y  s i n c e  p w w l d  wniZsmlly 
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remain abou t  u n i t y ,  and t h e  s i n g l e  s c a t t e r i n g  p a t t e r n s ,  both i n  
t h e  v i s i b l e  and t h e  i n f r a r e d ,  would change o n l y  s lowly .  
a a 4 
0.99 0.2 16 
0.99 0.4 32 
0.99 0.5 64 
TABLE 1 
S i n g l e  Scat ter ing Parameters 
o(ta 
I 
1 
2 
4 
I 
5 
2 
1 
The r e l e v a n t  phase  f u n c t i o n s  i n  t h e  in f ra red ,  demonstratPng 
t h e  i n c r e a s e  of t h e  forward s c a t t e r i n g  lobe w i t h  i n c r e a s i n g  , 
are shown i n  F i g u r e  1. Computations of &-@) for .  t h e  
v i s i b l e ,  however, canno t  be d i sposed  of so eas i ly .  It  is  possible 
t o  make the  n e c e s s a r y  computat ions for  t h e  v a l u e s  of 
l i s t e d  i n  Table 1, b u t  t h e  computer t i m e  r e q u i r e d  i s  raiher 
, e x c e s s i v e .  However, t h e  major d i f f i c u l t y  stems from other 
c o n s i d e r a t i o n s .  The extreme n a t u r e  of the forward s c a t t e r i n g  
lobe of f (m@) f o r  such  large v a l u e s  of requires a 
q u i t e  large v a l u e  of N i n , a  l e a s t - s q u a r e s  Legendre polynomia l  
I 
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. . -~ ... . . .  
fit of $(cos 0)  i n  accordance  witn e q u a t i o n  (31, and the  compter  
. 
program developed t o  s o l v e  the co r re spond ing  e q u a t i o n  of t r a n s f e r  
becomes u n s t a b l e  for v a l u e s  of Nmuch i n  e x c e s s  of N = 17. Ra- 
f i n e m e n t s  i n  t he  computa t iona l  t echn iques  become a matter of 
c o n s i d e r a b l e  d e l i c a c y  beyond t h i s  p o i n t ,  and h igh  v a l u e s  of 
t e n d  t o  compound t h e  d i f f i c u l t i e s .  
a: 
R a t h e r  t h a n  attack t h e  problem d i r e c t l y  i t  was decided t o  
a t t e m p t  an a l t e r n a t i v e  approach.  
were <:OmFXted from t h e  Mie t h e o r y  for  M0 = 1, 2 ,  and 4 ,  and tken 
f i t t e d  by e q u a t i o n  (3) for N = 13. Next,  t h e  maximum v a l u e  of 
or,’ was sough t  €or which equa t ion  (3) wsuld s a t i s f a c t o r i l y  fit 
t h e  r i g o r o u s l y  computed phase f u n c t i o n .  In t h i s  way it; w a s  found 
t h a t  .(I = 6 would y i e l d  a phase f u n c t i o n  t h a t  c o u l d  be. upproxi-  
F i r s t ,  phase  f u n c t i o n s  (n“ = 1.331 
v 
mated by (3) everywhere t o  w i t h i n  one p e r c e n t  of t h e  t r u e  v a l u e ,  
and much be t t e r  o v e r  t h e  f o r w a r d  s c a t t e r i n g  lobe;  larger va1:res 
of ax were found to  y i e l d  u n s a t i s f a c t o r y  r e s u l t s .  F i n a l l y ,  t h e  
s c a t t e r i n g  p a t t e r n  f o r  v e r y  l a r g e  s p h e r e s  (W: >7 
r e f r a c t i v e  index  of 1.33 was adopted from Tab le  2 1  on page 232 
of Y Z L ~  de HuPst ’s  (1957) book. This phase  f u n c t i o n  was c a l c u l a t e d  
by van de H u l s t  from geometrical opt ics ,  n e g l e c t i n g  d i f f r a c t i o n  
effects .  
1) for 8 
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The f i v e  phase f u n c t i o n s  mentioned above have been reproduced 
i n  F i g u r e  2. The s o l i d  c u r v e s  were computed from t h e  r i g o r o u s  Mie 
t h e o r y ,  e x c e p t  f o r  v'an de H u l s t ' s  large s p h e r e  (ot: = go ) model. 
The dashed cu rve  approximat ing  t h e  l a s t  phase  f u n c t i o n  w a s  computed 
from (3) f o r  N = 13; i n  a l l  o the r  cases t h e  approximate and e x a c t  
phase  f u n c t i o n s  are i n d i s t i n g u i s h a b l e  i n  t h e  f i g u r e .  We s h a l l  
see i n  t h e  n e x t  s e c t i o n  how these f i v e  phase  f u n c t i o n s  are used  
t o  approximate r ea l i s t i c  l i m b  f u n c t i o n s  and t empera tu re  p r o f i l e s  
f o r  the  a tmospher ic  models of i n t e r e s t .  
V. TEMPERATURE PROFILES AND 
THE LAW OF DARKENING 
We s h a l l  be i n t e r e s t e d  i n  s o l v i n g  e q u a t i o n s  ( 6 7 ) - ( 6 8 )  f o r  
t h e  t empera tu re  p r o f i l e  and (63) for t h e  l a w  of da rken ing  ( t = O )  
for  each of t h e  models l i s t e d  i n  Table 1. (In o r d e r  t o  o b t a i n  
a b s o l u t e  t empera tu re  d e t e r m i n a t i o n s  i n  conformi ty  w i t h  t he  solar 
f l a x  a t  t h e  d i s t a n c e  of Venus, w e  have adopted  a solar c o n s t a n t  
rrF0 = 0.26 watts/cm2> In  a d d i t i o n  w e  w i l l  want t o  o b t a i n  s o l u t i o n s  
fo r  each of these models f o r  v a r y i n g  z e n i t h  angles of i n c i d e n t  
solar  r a d i a t i o n ;  f o r  t h i s  purpose  t h e  v a l u e s  r e =  1.0, 0 . 4 ,  and 
0,16 have been chosen t o  be r e p r e s e n t a t i v e  of t h e  range  of i n t e r e s t .  
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It has already been remarked t h a t  t h e  a c t u a l  computat ions must 
be res t r ic ted to  a:s6 (.(,'=a excepted) I n  order t o  obtain 
approximate ly  correct r e s u l t s  f o r  the  models l i s t e d  i n  Table 1, 
. w e  have i n t r o d u c e d  the  f o l l o w i n g  a r t i f  ice . 
Consider  f irst  the  model [ a;=.99; @ =.5; gR=4 j j / f , = / , O  1; 
f o r  t h i s  model 4 = 64. I t  is * r e q u i r e d  now t o  compute t h e  
t empera tu re  p r o f i l e  from (67) and (681, u s i n g  i n s t e a d  of 
the  v a l u e s  
t h e  t empera tu res  t h u s  computed from e q u a t i o n s  (67) -(68) for  
i n f r a r e d  op t ica l  dep ths  of T = O , . I , l ; L O , a n c l  go are p lo t t ed  as a 
f u n c t i o n  of I / &  
racted around spheres ve ry  large compared w i t h  t h e  wavelength 
( i .e .  d: = 00 is con ta ined  completely i n  t h e  forward d i r e c t i o n  
( 8 = 0 ) . P h y s i c a l l y  t h i s  is the same t h i n g  as say ing  t h a t  t he  
a: = 64 
d l  = 1, 2,  4 ,  and 6. I n  t h e  upper part of F i g u r e  3 
I t  is  now assumed t h a t  the  radiat ion d i f f -  
d i f f rac ted  r a d i a t i o n  does n o t  c o n t r i b u t e  t o  the  d i f f u s e  radiat ion 
f i e l d .  
d i f f r a c t i o n  r i g o r o u s l y ,  t h e  l i m i t i n g  v a l u e  of x i  as a: I 00 is 
&" = 2 x ,  , where X b  is  t h e  geometrical c r o s s - s e c t i o n .  One 
ha l f  of this l i m i t i n g  v a l u e  of 
I t  would appear t o  be a f a i r l y  good approximation i n  t he  case of 
large spheres t o  assume t h a t  none of t h e  diffracted r a d i a t i o n  i s  
l o s t  from t h e  r a d i a t i o n  f i e l d ,  since t h e  co r re spond ing  cross-section 
According t o  the*Mie theo ry ,  which i n c l u d e s  t h e  e f f ec t s  of 
xr is  due t o  d i f f r ac t ion  effects .  
. 
I 
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. 
from geonietTica1 o p t i c s  is j u s t  x6 . Hence, a r e a s o n a b l e  approxi -  
mat ion to  impose on t h e  model we are concerned  w i t h  i n  t h e  
l i m i t i n g  case of 
c a l c u l a t e d  by van de H u l s t ,  (2) r educe  p by a fac tor  of t w o ,  
0(03=@ is  to  (1) r e t a i n  the  s c a t t e r i n g  p . a t t e rn  
I 
and, i n  order t o  account  for  no losses  of diffracted r a d i a t i o n ,  
(3) r educe  ( - q )  by a f a c t o r  of t w o .  The r e s u l t i n g  s i n g l e  
s c a t t e r i n g  p a r a m e t e r s  become {0 := ,9?;  a:=.,$ ;e=. 4 /3= ,5 1. 
I 
The t e m p e r a t u r e s  r e s u l t i n g  from a s o l u t i o n  f o r  t h i s  model 
f o r  t h e  o p t i c a l  depths of i n t e r e s t  are i n c l u d e d  a l o n g  t h e  o r d i n a t e  
c o r r e s p o n d i n g  t o  //&:to i n  t h e  upper  part of F i g u r e  3. With 
tlre a d d i t i o n  of these last  p o i n t s  t h e  c u r v e s  c o n n e c t i n g  p o i n t s  of 
e q u a l  T c a n  be drawn q u i t e  smoothly. I n  a d d i t i o n ,  t h e  g e n e r a l  
character of each curve  t e n d s  t o  imply t h a t  v a l i d  t empera tu re  
I 
p r o f i l e s  f o r  any v a l u e  of O c : > /  can  be s u c c e s s f u l l y  e x t r a c t e d  
from t h e  figure,.' Of c o u r s e ,  t he  o n l y  t empera tu re  p r o f i l e  t h u s  
i n f e r r e d  hav ing  any p h y s i o a l  s i g n i f i c a n c e  i s  the  one ( d6 = 64) 
w e  are i n t e r e s t e d  i n ,  and i s  i n d i c a t e d  by the arrows i n  t he  upper  
pa r t  of t h e  f i g u r e .  
d 
The lower par t  of F i g u r e  3 c o n t a i n s  a similar f a m i l y  02 
i n t e r p o l a t i o n  c u r v e s  fo r  the  model [a=*9?j  G;=.Z;c('=/ j p:5 j , U b = , / b ] .  
For  t h i s  model t h e  l i m i t i n g  case a:-'@ w a s  c a l c u l a t e d  u s i n g  
v a l u e s  of f3 = 2.5 and ai= .98. The arrows i n  t h e  lower pa r t  of 
e 
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of t h e  i i g u r e  re fe r , t i i i s  t i m e  t o  t h e  p h y s i c a l l y  meaningful  v a l u e  
v w0 = 16, Notice i n  p a r t i c u l a r  t h e  p e c u l i a r  n a t u r e  of t h e  cu rve  
a l o n g  2 = 6  re lat ive t o  other cu rves  f o r  d i f f e r e n t  v a l u e s  of Z , 
. 
. The t empera tu re  p r o f i l e s  i n  F i g u r e s  4 and 5 refer for  t h e  
most p a r t  t o  t h e  upper  and lower families of c u r v e s  i n  F i g u r e  3 
(I 
r e s p e c t i v e l y .  The five left-most s o l i d  c u r v e s  i n  each  of t h e  
f i g u r e s  are t h e  t empera tu re  p rof i les  computed f o r  t h e  f i v e  s ize  
parameters 4: = 1, 2 ,  4 ,  6 ,  and 00 I whi le  t he  dashed c u r v e s  are 
t h e  t empera tu re  p r o f i l e s  i n t e r p o l a t e d  i o r  each of t he  t w o  
p h y s i c a l l y  meaningfu l  v a l u e s  of . I t  is  i n t e r e s t i n g  t o  n o t e  
that  a t empera tu re  minimum exists fo r  t h e  cases i n  F i g u r e  5 soine- 
where  i n  t h e  r ange  (.12 4 5 .19). For large z e n i t h  a n g l e s  
of the  s u n  i t  a p p e a r s  t h a t ,  under t h e  proper c o n d i t i o n s ,  t h e  ex t reme 
upper  par t  of a p a r t i c u l a t e  atmosphere i s  heated p r i m a r i l y  by d i rec t  
so la r  r a d i a t i o n ,  w h i l e  f u r t h e r  down the  h e a t i n g  is  caused  p r imar i ly  
by t h e  d i f f u s e  radiation f i e l d .  I t  would seem t h a t  the  t empera tu re  
minimum o c c u r s  where t he  e f f ec t s  of t h e  t w o  mechanisms are of 
abou t  e q u a l  magnitude . The h i g h  s u r f a c e  t e m p e r a t u r e s  o b t a i n e d  
for t h e  sun  a t  t h e  local  z e n i t h  (F igu re  4 )  are abou t  t h e  same 
as those r e p o r t e d  by C l a r k  and Kuz'pin (1965) f o r  Venus, and hence 
are q u i t e  s u g g e s t i v e  t h a t  p a r t i c u l a t e  matter may be of some 
s i g n i f i c a n c e  i n  the  gene raa ion  and main tenance  of a greenhouse 
e f f e c t  i n  t h e  atmosphere of Venus. 
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. 
I n  order t o  t e s t  whe the r  an  increase i n  t h e  forward s c a t t t e r i n g  
of v i s i b l e  r a d i a t i o n  ( r e s u l t i n g  i n  a deepe r  penetration i n t o  t h e  
atmosphere) c o u l d  produce a s i g n i f i c a n t  i n c r e a s e  i n  t h e  t e m p e r a t u r e s  
at Large o p t i c a l  depths ,  t h e  case of complete forward s c a t t e r i n g  
. 
. 
w a s  c o n s i d e r e d .  P h y s i c a l l y  t h i s  would r e q u i r e  t h a t  a l l  the. 
scattered r a d i a t i o n  was scattered i n t o  t h e  d i r e c t i o n  @ = 0. T h i s  
may be effected ma themat i ca l ly  by r e p l a c i n g  a w i t h  zero and 
r e d u c i n g  , i n  accordance  w i t h  t h e  o r i g i n a l  v a l u e  of a:, by 
t:ie factor  (1 - ai F u r t h e r  c o n s i d e r a t i o n s  r e v e a l  t h a t  t h e  
c o n s t a n t s  La (6 = 1, . , n) i n  t h e  r e l e v a n t  e q u a t i o n s  [cf. eqs. 
(63) and (6711 s h o u l d  be s e t  e q u a l  t o  zero, and the' c o n s t a n t  % 
6 
i d e n t i f i e d  w i t h  u n i t y .  The right-most so l id  c u r v e s  i n  F i g u r e s  4 
and 5 i l l u s t r a t e  t h e  r e s u l t i n g  tempera ture  p r o f i l e s  f o r  t h e  
, .  
r e s p e c t i v e  cases i n  a r a t h e r  dramatic f a s h i o n .  P h y s i c a l l y  these 
eases refer t o  large s p h e r e s  having a r e f r a c t i v e  i n d e x  of u n i t y  i n  
t h e  v i s i b l e  (wi th  a s m a l l  a b s o r p t i o n  component). It would appeax, 
therefore,  t h a t  one method of enhancing  t h e  greenhouse e f f ec t  i s  
mere ly  to r e q u i r e  a s m a l l  i ndex  of r e f r a c t i o n  i n  t he  v i s i b l e .  
c o u r s e  t he  extreme case of complete forward s c a t t e r i n g  w i l l  r e s u l t  
i n  a p l a n e t a r y  albedo of zero; hence, as t h e  index  of r e f r a c t i o n  . 
i n  t h e  v i s $ b l e  i s  s t e a d i l y  reduced,  t he  c o r r e s p o n d i n g  valuek 
or" a must be s t e a d i l y  i n c r e a s e d  i n  order t o  m a i n t a i n  a c o n s t a n t  
p l ane , t a ry  albedo, 
Of 
* 
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Through the  method of i n t e r p o l a t i o n  described above, t e m -  
p e r a t u r e  p r o f i l e s  for each of t h e  three models l i s t e d  i n  Table 1 
Were computed f o r  solar direct ion c o s i n e s  of Po = 1.0, 0.4,  and 
0 0.16, and the  r e s u l t s  d e p i c t e d  i n  F igu re  6 .  I t  is r e a d i l y  
a p p a r e n t  t h a t  t h e  tempera ture  p r o f i l e  i s  r e l a t i v e l y  i n s e n s i t i v e  
t o  the  p a r t i c l e  s ize  down t o  an o p t i c a l  d e p t h  of r.v 6 f o r  t h e  
models adopted ,  b u t  becomes q u i t e  s e n s i t i v e  for  t 7 1 0 .  Notice 
t h a t  as ,8 decreases t h e  e f f e c t i v e  h e a t i n g  a t  l a r g e  7 i n c r e a s e s ,  
as one would e x p e c t  i n t u i t i v e l y .  F a r  more impor t an t  t han  /3 is  
t h e  e f f e c t  of PO . 
d e p t h s  w i t h  i n c r e a s i n g  /u. is due t o  t h e  co r re spond ing  i n c r e a s e  
of i n c i d e d t . s o l a r  f l u x  and decrease  of p l a n e t a r y  albedo. , This  
The i n c r e a s e  of tempera ture  a t  a l l  o p t i c a l  
l a t t e r  effect  is enhanced 'by  t h e  forward s c a t t e r i n g  n a t u r e  02 t h e  
i n d i v i d u a l  p a r t i c l e s .  
Table 2 below lists t h e  p l a n e t a r y  albedos A and e f f e c t i v e  
t empera tu res  TE computed f o r  each of t h e  n i n e  models p r e s e n t e d  i n  
F i g u r e  6 i n  accordance w i t h  t h e  re la t ions  
and 
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wher- F(0)  follows from t h e  f l u x  i n t e g r a 1  (56). The v a l u e s  of 
I(O,-pi )(i = 1, ..., 7 )  i n  (56) a r e  i d e n t i c a l l y  zero by v i r t u e  
of the  boundary c o n d i t i o n s  imposed a t  t h e  top of the  atmosphere, . 
w h i l e  t>e r e q u i r e d  v a l u e s  of I ( O ,  / d ( j ) ( i  = 1, ..., 7 )  were o b t a i n e d  
by i n t e r p o l a t i o n  procedures  e n t i r e l y  analogous t o  those used  fo r  
o b t a i n i n g  t h e  tempera ture  p ro f i l e s  p r e v i o u s l y  d i s c u s s e d  [cf. 
Fig.  31; i n s t e a d  of i n t e r p o l a t i n g  a long  c u r v e s  of e q u a l  T , i n t e r -  
p o l a t i o n s  were made a l o n g  c u r v e s  of e q u a l  p; . 
i n t e r p o l a t i o n s  weqp e q u a l l y  as s a t i s f a c t o r y  i n  appearance as t h e  
former. The r e s u l t s  are i l l u s t r a t e d  i n  F i g u r e  7 i n  u n i t s  of 
tempera ture .  
These , l a t t e r  
I 
d 
TABLE 2 
Planetary Albedos and E f f e c t i v e  Temperatures  
I 
- 
, . -I--- 
# 
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The albedos i n  Table  2 appear t o  be somewhat on t h e  low side 
compared w i t h  the observed v a l u e s  for  Venus (cf . Kozyrev, 1954), 
w h i l e  e f f e c t i v e  t empera tu res  l i s t e d  i n  t h e  table average  o u t  
appreciably h igher  t h a n  those  observed f o r  Venus (cf. Murray, 
Wi ldey ,  and Westphal, 1963), and t h e  v a r i a t i o n  of TE w i t h  /c'd is  
n o t h i n g  l i k e  t h a t  observed. Again, t he  l a w s  of da rken ing  i l l u s - .  
t ra ted i n  F igu re  7 average  o u t  t o  be somewhat more extreme than  
those observed by Murray, e t  al . ,  bhile t h e  v a r i a t i o n  of t he  laws 
w i t h  pa do n o t  agree w i t h  t he  observations a t  a l l .  I n  view of 
t h e  low r o t a t i o n  rate (Carpenter  and G o l d s t e i n ,  1963) and high 
e f f e c t i v e  n i g h t t i m e  temperatures observed f o r  Venus i t  is h i g h l y  
l i k e l y  t h a t  strong convect ion  and a d v e c t i o n  are t h e  dominant 
modes of heat t ransfer  i n  t h e  atmosphere of t h e  planet. Such modes 
of heat t r a n s f e r  would be expected t o  decrease h o r i z o n t a l  t e m -  
p e r a t u r e  g r a d i e n t s  i n i t i a t e d  through r a d i a t i v e  processes q u i t e  
' I  
markedly.  However, i t  is possible t h a t  s u r f a c e  t empera tu res  of 
600°K - 700°K neur t h e  e fuutor  and ys'Oo& t h e  po les  . 
e x i s t  (Clark and Kuz'min, 19651, implying t h a t  large horizontal  
tempera ture  g r a d i e n t s  n e a r  t h e  s u r f a c e  may w e l l  be p r e s e n t .  It 
appea r s  v e r y  l i k e l y  i n  any even t  t h a t  heat t ransfer  mechanisms 
o ther  t h a n  r a d i a t i v e ' p l a y  a l a r g e  role  i n  m a i n t a i n i n g  t h e  a c t u a l  
tempera ture  p rof i les  e x i s t i n g  i n  t h e  atmosphere of Venuq. Never- 
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t h e l e s s ,  t h e  p r o b a b i l i t y  of r a d i a t i v e  processes be ing  r e s p o n s i b l e  
i n  p a r t  f o r  g e n e r a t i n g  t h e  gross f e a t u r e s  of t h e  a c t u a l  v e r t i c a l  
t empera tu re  d i s t r i b u t i o n  of t h e  atmosphere cannot  be ignored .  
V I .  CONCLUDING REMARKS 
I t  has  been demonstrated t h a t  a t h i c k  c l o u d  of p a r t i c u l a t e  
matter suspended i n  an  atmosphere of o p t i c a l l y  i n a c t i v e  gases is  
capab le  of s u p p o r t i n g  a r a t h e r  large greenhouse e f f e c t .  I n  some 
r e g a r d s  t h i s  greenhouse mechanism is  p a r t i c d l a r l y  promis ing  .in tbc 
case of Venus. One p o i n t  t h a t  h a s  n o t  been emphasized is con- 
ce rned  w i t h  t h e  s m a l l  ve r t ica l  d i s t a n c e s  r e q u i r e d  t o  a t t a i n  l a r g e  
a tmospher ic  o p t i c a l  t h i c k n e s s e s .  As an  example, l e t  r = 2 x cm 
xzR = 2 n P '  
A s imple  c a l c u l a t i o n  i n  accordance wi th  t h e  rough r e l a t ion  [ c f .  
, and t h e  par t icJ .8  d e n s i t y  No = 100 par t ic les /cm3.  
eq.  (3111 
(74 1 
' I  
shows t h a t  t h e  h e i g h t  of t h e  atmosphere 2, cor re spond ing  t o  an 
o p t i c a l  t h i c k n e s s  of T =  100 i s  about  
no need t o  a s c r i b e  t h e  h igh  s u r f a c e  p r e s s u r e s  t o  t h e  atmosphere of 
Venus t h a t  is  r e q u i r e d  by a greenhouse model based s o l e l y  on t h e  
i n f r a r e d  b l a n k e t i n g  p r o p e i t i e s  of carbon d i o x i d e  and water vapor  
P0w40 km.  Hence t h e r e  is  
(Jastrow and Rasool, 1963). I 
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I t  shou ld  be noted  t h a t  Sobolev’s  (1963) v a l u e  of a: = .989 
w a s  i n f e r r e d  from a much more isotropic phase f u n c t i o n  i n  t h e  
v i s i b l e  than  would be expec ted  to  be r e l e v a n t  fo r  t h e  atmosphere 
of Venus. This is borne o u t  i n  t h e  somewhat l o w  p l a n e t a r y  albedo3 
(computed for 
I 
= .99) l i s t ed  i n  Table  2 of t h e  p r e s e n t  s tudy .  
I t  i s  r e a s o n a b l e ,  therefore, t o  s u s p e c t  t h a t  t h e  v a l u e  of a: for 
Venus is c o n s i d e r a b l y  h i g h e r . - . I n  a d d i t i o n ,  it is unreasonable  t o  
n e g l e c t  gaseous a b s o r p t i o n  and emission i n  t he  in f ra red  i n  view 
of t h e  s u b s t a n t i a l  amounts of carbon d i o x i d e  known to e x i s t  i n  the 
atmosphere of Venus. An i n c l u s i o n  of these effects  can o n l y  
s e r v e  t o  reduce t h e  v a l u e s  of p used i n  t h e  p r e s e n t  s t u d y ,  since 
a b s o r p t i o n  i n  the  v i s i b l e  should  be r e l a t i v e l y  minor by contrast .  
A r e d u c t i o n  i n  p , i n  t u r n ,  w i l l  s e r v e  t o  raise t h e  s u r f a c e  
tempera ture  w i t h o u t  a f f e c t i n g  t h e  e f f e c t i v e  tempera ture  TE[cf. ey.  
(64) 3. On t h e  other hand, i n c r e a s i n g  w i l l  s e r v e  t o  reduce TE, 
a l though  i t  is n o t  s o  obvious how t h e  s u r f a c e  tempera ture  w i l l  be 
affected. I n  any e v e n t  i t  would appear l i k e l y  t h a t  cer ta in  more 
r e a l i s t i c  combinations of 2; and p than  those c o n s i d e r e d  in 
this s t u d y  would ma in ta in  or i n c r e a s e  t he  hLgh s u r f a c e  tempera ture  
and a t  t h e  same time reduce TE, i.e. i n c r e a s e  t h e  planeTax-y albedo. 
1 
A q u a n t i t a t i v e  parametric s tudy ,  more complete than  tQe one 
preserlted here, as w e l l  as. a n  e x t e n s i o n  of the  g e n e r a l  theory t o  
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nongrey atmospheres, would be of considerable i n t e r e s t .  I n  
a d d i t i o n ,  any e f fo r t  made t o  be d e f i n i t i v e  i n  d e s c r i b i n g  the  
thermal s t r u c t u r e  of t h e  atmosphere of Venus w i t h o u t  i n c l u d i n g  
w 
convec t ion  as an impor t an t  mode of heat t ransfer  is probably  
u s e l e s s .  We i n t e n d  t o  r e t u r n  t o  these and related topics a t  a 
l a t e r  t i m e  
The u n f a i l i n g  w i l l i n g n e s s  of M r .  J. D. Barksdale t o  perform 
t h e  many tasks involved  i n  w r i t i n g  t h e  major computer program and 
p r o v i d i n g  the r e q u i r e d  computat ions is hereby g r a t e f u l l y  
acknowledged . 
. 
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FIGURE CAPTIONS 
F i g u r e  1 - Phase f u n c t i o n s  for s i n g l e  s c a t t e r i n g  i n  t h e  i n f r a r e d ,  
. The c u r v e s  are ave rages  computed f o r  squa re  size parameter  d i s t r i b u t i o n s  ove r  t h e  range ( 0 f dxa 4 
of 28 phase f u n c t i o n s  computed f o r  v a r i o u s  complex 
i n d i c e s  of r e f r a c t i o n  c o v e r i n g  t h e  range ( 1.1 - 0 , O l  k 
L %' 9 1.6- 0 , S O i ) .  
F i g u r e  2 - Phase f u n c t i o n s  f o r  s i n g l e  sca t te r ing  i n  t h e  v i s i b l e ,  
computed for  squa re  size parameter  d i s t r i b u t i o n s  ove r  
t h e  range ( 0 
t h e  exact M i e  c a l c u l a t i o n s  f o r  a real  index  of refrac- 
t i o n  of 
which w a s  computed from geomet r i ca l  o p t i v s  ( n e g l e c t i n g  
d i f f r a c t i o n )  . 
v 
dv 9 No ). The s Q l i d  c u r v e s  are 
% = 1.33, except  f o r  t h e  case of oCo V = 00 
The dashed curve  is a 14-term Legendre 
~ a r y n o m i a l  approximation f o r  t h e  las t  case. 
F i g u r e  3 - Curves of temperature  VS. o p t i c a l  dep th  used t o  
interpolate f o r  t w o  T-Zt re la t ions f o r  r ea l i s t i c  
s ize  parameter  maxima otz . The arrows for t h e  upper 
f ami ly  of c u r v e s  l o c a t e  t h e  r e l e v a n t  size parameter 
Oc; = 64, wh i l e  t h e  arrows f o r  t h e  lower s e t  locate 
t h e  v a l u e  dz= 16. 
F i g u r e  4 - Temperature p r o f i l e s  f o r  t h e  model [ mz = , 9 9  j 
Qb = ,r  j H y =  Y j p= / j /cAo= / ,o ] .  The 
tempera ture  p r o f i l e  corresponyling to \ , t he  p h y s i c a l l y  
s i g n i f i c a n t  s ize  parameter maximum o(:= 64 as i n t e r -  
p o l a t e d  from F igure  3 is shown by t h e  dashed curve .  
The r ight-most  s o l i d  cu rve  is t h e  tempera ture  p r o f i l e  
computed f o r  the  l i m i t i n g  case of complete  €orward 
scat ter ing from v e r y  large s p h e r e s  . 
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FIGURE CAPTIONS (Continued) 
- 
F i g u r e  5 - Temperature  p r o f i l e s  for t h e  model { a: 5 ,94, ; 
c 
t empera tu re  p r o f i l e  co r re spond ing  t o  t h e  p h y s i c a l l y  
s i g n i f i c a n t  s i ze  parameter  maximum %' = / 6  as i n t e r -  
p o l a t e d  from Figure 3 is shown by t h e  dashed  curve .  
The r igh t -most  so l id  cu rve  is t h e  t empera tu re  p r o f i l e  
computed €or t h e  l i m i t i n g  case of comple te  forward  
s c a t t e r i n g  from v e r y  large s p h e r e s .  Notice t h e  
t r a n s i t i o n  from a l i n e a r  t o ' a  l o g a r i t h m i c  scale a t  
T = 1. 
F i g u r e  6 - Temperature p r o f i l e s  :or t h e  models l i s t e d  i n  Table  1 
as i n t e r p o l a t e d  i n  accordance w i t h  t h e  d i s c u s s i o n  
g iven  i n  t h e  t e x t  (c? .  a lso F i g u r e  3). 
as i n t e r p o l a t e d  i n  accordance w i t h  t h e  d i s c u s s i o n  g i v e n  
i n  t h e  t ex t .  The co r re spond ing  t empera tu re  p ro f i l e s  
are shown i n  F i g u r e  6. 
F i g u r e  7 - The l a w s  of darken ing  €or t h e  models l i s t e d  i n  Table  1 
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